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An Analysis of Four-Frequency Nonlinear

Reactance Circuits*

DAVID K. ADAMST

Summary—Several advantages of multiple-frequency nonlinear
reactance circuits are described in this paper. In particular, a circuit
is considered in which a nonlinear reactance couples four basic fre-
quencies: wq, w1, we, and w;; these are so related that ws =wo-tw and
ws=wo—w1. Here, w, is taken to be the power source or pump. It is
found to be desirable to allow for the possible presence of the pump
harmonic, 2w, and individual cases are characterized by whether
2wy is present or not. The major results are as follows: 1) Unlimited
amplification gain is theoretically possible at frequencies higher than
the pump, by reflecting negative input resistance at ws, but without
relying on any effects due to pump harmonics. 2) Unlimited up- or
down-conversion gains between «; and w» are theoretically possible
in the additional presence of the first pump harmonic, but without
reflecting negative input or output resistance. 3) Unlimited amplif-
cation gain is theoretically possible at frequencies both lower and
higher than the pump fundamental, without reflecting negative input
resistance.

INTRODUCTION

N recent years, considerable attention has been
]:[ given to the unusual properties of nonlinear re-

actance modulators. The basic attribute of these
circuits that has been exploited thus far is frequency-
conversion with power gain. Since nonlinear reactance
conversion gain can be obtained in the presence of a
signal (or reference frequency), a local oscillator (or
“pump”), and just one of their sidebands, emphasis to
date has been on three-frequency circuits. It has been
demonstrated, however, that remarkably different
conversion characteristics arise, depending upon the
pardcular choice of sideband.! In the upper-sideband
case, the magnitude of conversion gain is limited to the
ratio of the output frequency to the input frequency.
In the lower-sideband case, arbitrary conversion gain is
possible through regenerative action, which reflects
negative resistance into both the input and the output
terminals. Such negative resistance also enhances the
input signal; this effect is known as parametric ampli-
fication.

In view of the striking differences between these two
sidebands, the simultaneous presence of both sidebands
causes the anticipation of interesting effects. Several of
these effects will be investigated in this paper, and the
following major results will be demonstrated:

1) Parametric amplification is possible at {requencies
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manuscript received, December 18, 1959, This work was sponsored
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under Contract No, DA-36-039 sc 78283. The conclusions of this
paper were originally reported at the PGMTT National Symposium,
Harvard University, Cambridge, Mass., June, 1959.
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higher than the pump fundamental, without relying
upon effects caused by pump harmonics.

2) In the additional presence of the first pump har-
monic, arbitrary up- or down-conversion gain is possible
between the reference frequency and the upper sideband
without reflecting negative resistance at either fre-
quency. Furthermore, the reflected input and output
resistances can be made insensitive to gain.

With nonlinear reactance elements possessing strong
nonlinearities and good high-frequency response, the
value of the first result lies primarily in its contribution
to the general understanding of nonlinear reactance cir-
cuits, However, the second result has considerable po-
tential value in spite of its dependence on the presence
of the first pump harmonic. As a consequence of state-
ment 2), up- or down-converters of arbitrary gain can
be cascaded. In the special case in which an up-converter
of the type mentioned above is followed by a similar
down-converter, a nonlinear reactance amplifier can be
constructed which does not rely on the reflection of
nezative resistance at the input terminals. Therefore,
uniike conventional parametric amplifiers and negative-
input-resistance converters, the full potential of this
improved converter circuit can be obtained without the
use of circulators.

GENERAL ENERGY CONSIDERATIONS

The basic problem to be considered in the following
analysis is that of a lossless, nonlinear reactance in the
presence of signals at wg, w1, and at their upper and lower
sidebands: w; =wy+w; and wz=wy—w;. In general, the
signal at wo will be considered as the power source or
pump and will be assumed to have arbitrarily large
available power. It is practical to allow also for the
possible presence of the pump harmonic, 2w, since it
will be shown to provide valuable effects in some cases.
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Fig. 1—A general circuit model for the nonlinear
reactance problem under discussion.
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A circuit model for this problem is suggested in Fig. 1,
in which a nonlinear capacitor has been chosen to repre-
sent the nonlinear reactive element, and ideal filters
have been assumed: 1) to short circuit all {requencies ex-
cept those chosen above, and 2) to allow these frequen-
cies to be coupled only by the nonlinear capacitor.
While the assumption of ideal filters seems to be very
restricting, the external circuits will ultimately be con-
strained to be resonant with fairly high Q's. Thus, the
ideal filters can eventually be removed without seriously
affecting circuit operation.

Although small-signal analysis will be the primary
medium emploved in this investigation, the general
properties of nonlinear reactance elements provide a
foundation for the results cited previously. It has been
shown by Manley and Rowe' that the following general
statements can be made about lossless, nonlinear re-
actances in the presence of sinusoidal signals with f{re-
quencies from the set wp,= + mwy + 1w, where m, n =0,
1,2, -

(1a)

(1b)

Here, W, is the average power entering the nonlinear
reactance at wp., and W,,=W_, _,. The only restric-
tions on (1) are that w;/wy must be irrational and that
the nonlinear reactive element must have a single valued
characteristic. For application to the problem of interest
here, (1) reduces to

Wot Wo Wa Wy
i o (22)

wo we w3

w W, W

wi w2 [GF

where the double subscript notation has been dropped,
except in the case of average power at the first pump
harmonic, Ws,.

It is important to note that the artifice of restricting
the Manley-Rowe relations to a particular set of desired
frequencies does not necessarily mean that a predicted
result will be generally realizable without the presence
of certain of the eliminated frequencies. For example, if
the external circuitry reactively terminates a particular
frequency, it will be eliminated from (1). However,
through internal conversion this frequency may be a
hidden mechanism behind effects that seem, from (1),
to be independent of such frequency. This situation
arises in this problem in connection with the first pump
harmonic. Eq. (1a) suggests nothing about the relative
importance of the pump and its harmonic, and, in fact,
falsely suggests that they are interchangeable. Since it
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is the reactive power of the pump harmonic that is im-
portant in this case, Wa,o will be ignored for the present.

Further study of (2) will be divided into two parts.
Consider first the application of signals at w; and wy,
with w, and w; seeing passive loads only (i.e., loads
whose resistive components are positive). Thus, W, and
W; are nonpositive and (2b) vields the following ex-
pressions for up-conversion power gains from w; to
Wy OF wWjy:

We w2 1
e (3a)
Wi wr 1 — X;j
)t W X
= — s _ s 4 (3b)
Wy w1 1 — Xa
W wo 14 Xao
= (3¢c)
I’Vl wi 1 — ng

where Xas= Waws/ Wows. To illustrate the remarks to
follow, sketches of (3) are shown in Fig. 2. In the limit
where w; is short circuited (W;3;=0), G,,, has the well-
known value wy/wi. However, G,,, increases as Xs; is
increased, and arbitrarily-large positive values of G,
can be achieved in the vicinity of X,,<1. This suggests
that large conversion gain is possible without reflecting
negative input conductance at wy. For X3,>1, G,,, and
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Fig. 2—Sketches of (3) showing the regions of positive and negative
conversion gains from w; to wg and w3 vs the ratio of output powers
at ws and wy. Pump power is applied at wo, and W/ 71 is the ratio
of pump to signal power.
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G,,, are negative. Hence, this condition defines a general
region of potential instability in which parametric
amplification is possible at wy. It is important to note
that negative conversion gains do not necessarily imply
the reflection of negative conductance at the input fre-
quency terminals, although this has been the case in
previous nonlinear reactance circuits. Eq. (1) would also
predict negative conversion gains if the input signal were
completely absorbed at one terminal pair, amplified, and
then expelled at the same frequency (along with other
conversion frequencies) at another terminal pair. The
realization of this effect (without using circulators) is
one goal of this paper.

The second case of interest is with signals applied at
wo and ws, and with only passive loads for w; and w;. In
this case, (2) yields, with X3, = Wiw,/ Wws,

W1 w1 1

Gpy = —— =— - (4a)
Wy w1 — Xy
W3 w3 X31

Gppg= — o = — (4b)
Wz We 1— )(31
Wy n 2% =1 (49
Wz w2 1 - X31

which are sketched in Fig. 3. For X3, <1/2, Ga; and G
are positive, but W,/W, is negative. Therefore, the
pump circuit is unstable in this region and the signal at
ws will act as the power source. For (wy/ws) <X3 <1,
Gy, is greater than unity. Therefore, this is a region of
arbitrary down-conversion gain with positive input con-
ductance. For X35>1, G, and Wo/Wz are negative.
Thus, a region of potential instability exists at ws, which
suggests that parametric amplification is possible at this
frequency.?

Again it should be noted that (1) in no way guarantees
that just any nonlinear reactance will yield the results
above. For a particular nonlinear reactance, (1) may
have only the trivial solution, W,,=0. For example, it
can be noted from Fig. 3 that parametric amplification
at wy is predicted even in the limit where w; is short cir-
cuited (W7=0).* However, with the nonlinear reactance
model employed in small-signal analysis (a maodel which
satisfies the Manley-Rowe equations), it can be shown
that the pump harmonic (2w,) is necessary for para-
metric amplification at w,, if Wi1=0. )

2 C. L. Hogan, R. L. Jepsen, and P. H, Vartanian, “New type of
ferromagnetic amplifier,” J. 4dppl. Phys., vol. 29, pp. 422-423;
March, 1958. This paper contains the original proposal of the possi-
bility of parametric amplification ws, using w; and w; as so-called
“idler” frequencies. Since the work seems to be based on purely quali-
tative arguments, parametric amplification at w; will be treated in
greater detail in the present paper.

3 For previous treatment of this special case through small-signal
analysis, see S. Bloom and K. K. N. Chang, “Parametric amplifica-
tion using low-frequency pumping,” Proc. IRE, vol. 46, pp. 1383~
1387; July, 1958.
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Fig. 3—Sketches of (4) showing the regions of positive and negative
conversion gains fron w; to w; and w; vs the ratio of output powers
at w3 and w;. Pump power is applied at wo, and Wo/W, is the ratio
of pump to signal power.

SMALL-S16NAL THEORY

Although the Manley-Rowe equations provide a basis
for predicting general properties of nonlinear reactance
circuits, they yield no specific information on impedance
levels, bandwidth, or the importance of extraneous fre-
quencies. Such information requires further knowledge
of the element in question plus mathematical techniques
for handling the associated nonlinear circuits. Fortu-
nately, several approximate characterizations of non-
linear elements lend themselves to standard analytical
methods. In general, these involve some form of small-
signal analysis, the most basic of which neglects re-
sponses of the nonlinear element to all signals except the
power source and its harmonics. Small signals at all
other frequencies then see essentially a periodically-
varying circuit element at fundamental frequency wp.®

In this section, a nonlinear capacitor will be assumed
to be driven by a power source at wg. To employ the
small-signal model outlined above, the power source and
nonlinear capacitor will immediately be replaced by a
periodically-varying capacitor for which the following
Fourier representation applies:

Cl) = 3 Creinent )

n=-——20

+ H. E. Rowe, “Some general properties of nonlinear elements
—Part II. Small signal theory,” Proc. IRE, vol. 46, pp. 850-860;
May, 1958.

5 D. Lennov, “Gain and noise figure of a variable capacitance up-
converter,” Bell Sys. Tech. J., vol. 37, pp. 989-1008; July, 1958.
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where C,=C_,*.5 Now, assuming the external circuitry
essentially short-circuits all small-signal frequencies ex-
cept wi, wy, and ws, the small-signal voltage and current
across the time-varying capacitor will be given by

3
V() = 20 (Vaeiort 4 V,keiont)

n=1

(6a)

3
I(t) = D (I.efert 4 I,*¢=19nt) 4 (terms representing (6b)

n=1
short circuit cur-

rents at other fre-
quencies).

In (6b), it is necessary to consider only terms in w, ws,
and ws, since these are the only current components ac-
cessible to external terminals. By combining (5) and
(6), the following admittance relation is found between
the currents and voltages across the time-varying
capacitor at each of the small-signal frequencies:*

|‘ Il jwlcl Vl
12 b jw2C1 jw2C2 Vg . (7)
L

Vs*
It is important to note that, because of the terms in C,
in (7), small-signal effects on wy, ws, and w; will generally
include effects of both the pump and its first harmonic.
Thus, for a more general formulation of this problem,
terms in C; will be included.

Eq. (7) suggests the linear circuit in Fig. 4 as a small-
signal model for this problem. Because of the assumption
of ideal filters in Fig. 4, the external admittances are
easily included with (7) to yield the complete admit-
tance relationship shown below.

JjoiCo  juiCr*
JwaClo

—jw3C1* —jw3C2* —jw3C0

I
I?O
I30*
VitjeiCo  joiCr*  janCh V)
= JwsCi YotjwsCo  jweCe Ve |+ (8)
—josCi¥  —jwsCo* V¥ —jwsCo | L V3s*

In general, two basic phenomena will be investigated
with the aid of (8): 1) power conversion from w,, to w,;
and 2) parametric amplification at w,; where m, n=1, 2
or 2, 1, respectively. Referring to Fig. 5, if G, is the
ratio of the output power at w, to the available genera-
tor power {rom a source at w,, then

. 4g5(gmiy — &n)

Gtmn - | Ym I2 >< Gpmn (9)
IN

where Vo, = gmp+jbm, is the driving point admit-
tance at terminals (m), g; is the internal admittance of
the input generator, and G,,, is given by (3a) or (4a).

Pmn

6 Asterisk (*) indicates complex conjugate.
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Fig. 4—A small-signal model, based on (7), for the nonlinear capaci-
tance circuit shown in Fig. 1. Here, v represents a normalized ad-
mittance, according to the definitions in (12).
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Fig. 5—The modified external admittance notation that is assumed
whenever external sources are present, as in the derivation of (9).

Since G,,,, can be alternately expressed by

Val? [
Gopn = —_— (10)
Vm (ngN - gm)
(9) becomes
4g.gn Va |?
Gy, = o8 (11)
l YmIN * Van

Ultimately, conditions will be sought under which G,
is arbitrarily large. As will be shown shortly, this con-
dition usually arises only when [ Ymm‘ approaches zero.
Since the vanishing of | V.| is also a sufficient condi-
tion for parametric amplification at w,, first attention
will be directed toward this quanitity.

Since Yy, = (I10/ V1) with Iy = I30=0, etc., the evalua-
tion of Vi, (k=1, 2, or 3) from (8) is straightforward.
Once obtained, however, the complexity of each ¥V,
expression can be considerably reduced by the intro-
duction of normalized admittances v, and 7, which
are defined as follows:

YlIN C2 Y] "I" juuCo C2 (12 )
= RN - a
Vi w |l C2l’ m w1 1
Yoy Vi + jowCo
Yy = Yo = —— T (12b
’YIN O)Q‘CQ ’ : w2|C2l )
Y3IN* Yg* - ]"w;;C()
g = vy = 12¢
R w3| Czl 5 3 w3‘ Cﬁl ( )
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The notation vr=o+j0r and Vi, =i,y 78,y (=1,
2, and 3) will also be adopted. The input admittances
now take the following normalized forms:

Y2 — v+ 259
Yiy =y (13a)
yoys — 1
Y3 — Y1 -+ 2j¢
Yo, = Y2t —————— (13b)
Y1y — 1
v1+v2— 2jé
T L L e L (130)
oy ? yrve + 1
Here,
Re(C2Co*
e Gl (14)
| 2G|

and hence is a function of only the relative phases of C;
and C;. Egs. (13) are assumed to apply simultaneously
and express both the normalized input admittance pre-
sented to an ideal generator at any terminal, and the
normalized output admittance presented to an ideal
voltmeter at any terminal. Therefore, whenever real
sources of meters are applied, their internal admittances
will be assumed to be lumped with each Y or s
(=1, 2, 3), as in Fig. 5.

The form of each of the equations of (13) readily
identifies the physical significance of each term. The
first term in each expression for vs,, is the normalized
load admittance at terminals &2 (=1, 2, 3), while the
second term is the corresponding reflected admittance
at terminals k. Inspection of (13) reveals that many sets
of passive loads exist for which one or more of the v;,,
have negative real parts. This situation will be inter-
preted as complete instability, and hence (13) will be
considered physically significant only when the real
parts of v1,, Yo, and vs, are simultaneously positive.
In other words, a negative reflected conductance at any
terminal pair will be considered useful only when the
external conductance at that terminal has the greater
magnitude of the two.

Since circuit adjustments are desired that yield large
values of G, in (11), the zeros of lymm' and the
poles of | V,/V,| will be of immediate interest. It fol-
lows, from the inversion of (8), that the poles of
| Vi/ Viu| occur when |v,ys—1| =0 (=1, 2). However,
by (12} and (13), this condition usually yields a pole
for I Ymm{ (m=1, 2). When this is the case then, the
zeros of [ leNl (and hence ]'Ymm’) are the only infinite
gain points. The only exception to this observation oc-
curs when (13a) and (13b) are made independent of 3,
treated below, under Case 2.
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Case 1. | Co| =0

The first application of (13) will be to the true four-
frequency problem in which all effects of the pump har-
monics are assumed negligible, This corresponds to
letting | C2l approach zero, whereupon (13) reduces to
the following limiting forms:

Vi = Y1+ (152)
Y2Y3
Y
Yo, = Y2+ R (15b)
Y1vs — 1
Yo
Vo = Y3 — ————— ° (15¢)
W e

Note that [Czl cancels identically from each of the
above expressions. Therefore, it will be required that
the equations of (15), and those to follow in this case,
have solutions other than the trivial one, I C2| =0.

Since (15a) and (15b) cannot be made independent
of v; in this case, only arbitrarily-small values of
| Ympy| (m=1 or 2) will allow unlimited conversion
gains from w; to ws, or vice versa. Therefore, when
| Cg] =0, the possible advantages of four-frequency cir-
cuits over conventional three-frequency circuits are:
1) the reflection of useful negative conductance at w; in
the presence of wy, and 2) the reflection of useful nega-
tive conductance at ws. Since the latter result is the
more novel of the two, in that it provides parametric
amplification at a frequency higher than the true pump
frequency (i.e., wy, since |C2‘ =(), primary considera-
tion will be given to this result. This study will be done
under two constraints: 1) oy, o, and ag, must be
positive for stability, and 2) B, B, and B, must
be small (preferably zero) at the center operating fre-
quency. The latter condition makes all three terminals
nearly resonant, which is desirable as a practical means
of eliminating the ideal filters that are tacit to this
analysis. Only approximate resonance is required at the
external terminals in this case, because it will be shown
that some detuning is necessary for parametric ampli-
fication at w, to occur.

For purposes of introduction, a special case of four-
frequency operation will be described first. One tech-
nique for resonating the external terminals is to make
B1=8:=83;=0, which means physically that external
reactances are chosen to resonate C, independently at
each terminal. This choice of external reactance, which
has been generally satisfactory in conventional three-
frequency circuits, is attractive from the practical point
of view because it allows circuit adjustments in the
“cold” condition (i.e., with the pump turned off). How-
ever, this tuning procedure will be shown in be relatively
unproductive in this case.



1960

Case 1(a). 1C2! =0;B1=PB=03=0

Under these conditions, (15) becomes

Qg — Qa2

alm = 1 + (163,)
Q302
o3
gy = oy b (16b)
° oz — 1
03
g = ag — : . (16C)
A1 + 1

Inspection of (16) shows the condition for stability to
be ayas>1. Therefore, no useful region of negative re-
flected conductance exists at wy and the minimum value
of a,, is limited by circuit stability to 1/as. Thus, para-
metric amplification at wy is not possible in this case,
and the presence of w, limits the gain by parametric
amplification at w;. However, some improvement in
conversion gain from a; to ws is possible over that ob-
tainable in the absence of w; (¢.e., with az;= ). In this
case, (11) yields G, =4aicews/w; as the maximum up-
conversion gain from w; to ws. In the absence of ws,
maximum G;,, occurs for ayae = 1. Therefore, allowing
to take on finite values can increase the gain of a con-
ventional up-converter by 6 db in this case, which is
consistent with results reported by Jones and Honda.”

1t will now be shown, through a more general investi-
gation of (15), that the desired negative reflected con-
ductances at w; and ws can be obtained with more arbi-
trary tuning techniques. These techniques are based on
the following general theorems, which pertain to the
four-frequency time-varying reactance circuit under
consideration here.

Theorem 1: 1f | Co] =0 and oy, ony, 03, >0, then
either Bs,, #0, B1,, 70, or Bs,, #0, is a necessary condition
for parametric amplification at ws.

Proof: See Appendix.

Theorem 2: 1f | Cy| =0, the necessary and sufficient
conditions for o, osy, o >0 and Bi,=08s,=0
(i.e., a stable circuit with resonant terminals at w; and
ws) are:

3 =10 (17a)

2= Bi| vz |? (17Db)
1 — ay 2

Qy — — > - [lesser of<1,€2—2):| . (17¢)
asg |’Y2!2 ag

Proof: See Appendix.

It should be noted that Theorem 2 can be applied to
conventional parametric amplifiers in the case where
the upper sideband (w.) is not completely shorted, but
where the pump harmonic is suppressed. In this case,

TE. M. T. Jones and J. S. Honda, “A low-noise up-converter
parametric amplifier,” 1959 IRE WESCON CoNVENTION RECORD,
pt. 1, pp. 99-103.
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(17b) indicates that “cold” tuning is not sufficient and
some retuning must accompany changes in pump level,

In view of Theorem 1, parametric amplification at w,
will be approached by requiring only the terminals at
w; to be resonant (Bs,, =0), for then | Vs, | approaches
zero as aa,, approaches zero. The additional assumption
that B8.=0 will be shown below to lead to useful solu-
tions.

Case 1(b): | Ca| =0; B3=0; B1520, B2540
Eq. (15) now yields
— X2

1
—r <a——<0
]72‘2 a3

(18)

as the condition for: 1) stability at w; and w3,* and 2) the
reflection of negative conductance at we. If (18) is satis-
fied, the condition for resonance at ws then becomes

( —i 2 ( 1 2_— ]_ 2
i a) s zﬁ) ‘<5§;>'

If (19) is satisfied, the condition for stability at ws is

B2 < Bi| 2 )%

(19)

(20)

These conditions are made clearer in Fig. 6, which is a
plot of (19) for ayas < 1. Here, §; is considered to be the
independent variable determining the magnitude of
negative reflected conductance at ws. Point A is the
threshold of parametric amplification at ws, point B
marks the threshold of circuit instability at w; [in (18)],
while infinite gain at w, [in (20)] corresponds either to
point C, if B:2 <ap?, or to point B,if B:2> ay? Therefore,
useful parametric amplification at w, may be limited to
the finite gains corresponding to the range between
points A and B on the tuning curve in Fig. 6. This

I (13
n ! —
e B A
0 N
INFINITE GAIN AT w, INCREASING
2 2 2 2 SREASI
(F B < af) UF B3 > o) / GAIN AT wsy
a c
Sl NS INSTABILITY AT
B '

Fig. 6—The locus of external circuit adjustments for tuning and para-
metric amplification at w,, as described in Case 1(b).

8 If B3 =0, it can be shown, as a3 decreases, that w; never becomes
unstable before w; becomes unstable. Thus (18) only explicity defines
the region of stability at w.



280

limitation on gain can be overcome by choosing a2 <@,
In this case, the negative conductances reflected at both
w; and w, allow arbitrary gain at either frequency. It
can be shown that a similar result is possible if the
terminals at w; are constrained to be resonant while
those at wy are detuned.

Thus, in the notation of Fig. 4 (but letting b’ =b;
+wrCo, k=1, 2, 3), sufficient conditions for arbitrary
gain at wp (and at wi), with [ Cz[ =0, are:

bs' =0 (218.)

g = Ky, K2< 1 (21b)
1 bibi

<1 (21¢)

w1w2l Cllz
( 41 _i"f>2+< by __u_Jg;>2
wl[ Cliz §s wl[ C1i2 262

we 2
S(2). e

264
It is important to note that only conditions (20} or (21c)
satisfy Theorem 2 at the point of infinite gain
[8182(1+K?) =1]. Thus, as previously mentioned, the
terminals at w; and w; are not resonant in this case and
suffer detuning at center frequency. For the special case
of K=1, the detuning at w; and w; is given by
wilwa l C1 12

2b1

b dew] P8 — wws| €1
T (2g1b4 + wiws| Cr[D2 4 (26103 — wiwa| C1 )

(22a)

blIN = b —

.{22b)

Eq. (22) indicates that the amount of detuning at w;
and w; is very small when the gains at w; (or at wy) are
large.

Therefore, if | Cz| =0, the operation described in Fig.
6 allows: 1) arbitrary gain by parametric amplification
at either w; or wy, and 2) arbitrary up- or down-conver-
sion gain between w; and w,. Both these effects arise
through the reflection of negative conductance at the
input terminals, and are accompanied by some detuning
of the external terminals.

A physical interpretation of these results is suggested
by (8). If C.=0, it can be seen that w; and ws are not
directly coupled, but interact only through the inter-
mediary frequency wy. When considered separately, the
feedback between w; and w; is degenerative, while that
between w; and w; is regenerative. The combination of
these two feedback mechanisms can make the over-all
feedback at w, regenerative. However, it has been found
that additional phase shift must be inserted into these
feedback paths (e.g., by detuning the terminals at w;
and ws) to stabilize this regenerative effect.
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Case 2: | Ca| %0

It has been shown previously that the design of
idealized, three- or four-frequency, nonlinear reactance
converters for large, small-signal, conversion gains (<.e.,
small-signal gains considerably greater than the ratio of
output frequency to input {frequency) must invariably
rely on the reflection of negative resistance at the input
terminals. Consequently, such devices frequently em-
ploy circulators as auxiliary equipment, in an effort to
reduce noise figures and to increase gain-bandwidth
products. It will now be shown, when lCzl #0, that
arbitrarily-large conversion gains are possible between
w; and ws, without reflecting negative resistance at
either frequency. Thus the importance of circulators in
high-gain nonlinear reactance converters can be elimi-
nated.

The technique for achieving the result cited above is
to choose external circuit components that allow
[ Vaf Vm] to be arbitrarily large [see (11)] without pro-
ducing a similar effect on Y, (m, n=1, 2 or 2, 1, re-
spectively). It has been remarked previously that this
condition can be achieved by making (13a) and (13b)
independent of v;, which, in turn, can be accomplished
only if

vi=72= V1 — ¢*+jo. (23)
Obviously, only the positive square root is permitted
here, as will be the case henceforth, unless (+) signs are
specifically indicated. Substitution of (23) into (13a)
and (13b) yields

Yy = Yoy = 21 — $% (24a)
Thus, when (23) is satisfied, the terminals at w; and ws
are conjugately matched for all v;. Similarly, (13c) re-
duces to

Vi = Vs — V1 — ¢* -+ jé (24b)
which indicates that a constant negative conductance is
reflected at ws. Consequently, as>+/1—¢? must be re-
quired for stability.

Although v, (m=1, 2) has been made independent
of vs, it can be shown that G, still has a useful pole
as a function of v;. By solving (8) for | V,./ Vx|, and us-
ing (12), (11) yields the following expressions (gm=g):

Gy, = EE[ (as £ /1 — %2+ (8; + ¢)2] (25a)
124} (aa - \/1 - ¢2)2 + (53 + d’)z
w1 (043 F X/W)Q + (53 + ¢)2

Gtz; = R —— . 25b
wz[(as~\/1—¢2)2+(ﬁs+¢)2] (25b)
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Here, the () signs arise because ¢ specifies only the
magnitude of the relative phase angle between C; and
Cs, and not its sign. In each equation of (25), the upper
sign corresponds to Im (C12C,*) >0 while the lower sign
corresponds to Im (Ci2C:*) <0. Thus, for a given value
of ¢, there are two possible up-conversion gains and two
possible down-conversion gains. In the case of negative
square roots, both G, and G, reduce to the ratio of
output to input frequency, independently of v3; while
with the positive square roots both G, and G,, become
arbitrarily large as s approaches the value /1 —¢*—jo
(assuming, for stability, thatit does so with as> /1 — ¢?).
Within a single converter stage, however, (25) cannot
be satisfied simultaneously with positive square roots,
which yields the useful result that each converter stage
is semidirectional, The directivity is dependent on both
the forward gain and the relative magnitudes of the
frequencies employed. .

Perhaps the most practical operating condition is
with the terminals at v; resonant (i.e., 3= —¢), where-
upon {23) reduces to

s + 1 — @272
Gy, = ff[“—"—‘/w——_‘b—] (26a)
WL oy — \/1 - ¢2
T 1 — $2712
wlas~V1—¢

In the positive square root cases, the conversion gains
now depend entirely on a3, which means physically that
variation of the external circuit Q at w; controls con-
version gain without changing the input or output ad-
mittance at any terminal pair.

The fact that two completely different conversion
characteristics arise according to the sign of Im (C:2C,¥)
is somewhat surprising, since the input and output ad-
mittances at all three terminals are independent of this
sign. From Figs. 2 and 3 it is evident that the fixed gain
cases of (25) and (26) must correspond to W3 =0, which
can be verified by solving (8) for | V3|. With sources
first at w; and then at w,, | V3| is found to vanish inde-
pendently of +vy; whenever the negative square roots
occur in Gy, or Gy,,, respectively, However, in the posi-
tive square root cases, | V| increases with Gy, and Gy,
for sources at wy and wg, respectively, which is again in
agreement with Figs. 2 and 3.

It is interesting to assume also a source at w; and to
evaluate the quantities | Vi/Vs| and | Va/Vs|. It can
be shown that w; couples only to the w, terminals when
G., employs the positive square root, and that ws
couples only to the w, terminals with the positive square
root in Gi,,. Thus, the coupling between ws and w; or
w, is nonreciprocal in this case, and its direction depends
on the sign of Im(Ci2Cy¥).
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In summary, for a given magnitude of phase angle
between the pump and its harmonics, the above results
require the following external circuit adjustments:

At w1
bt eCo=¢; O L R QoY A
1 wiloe = ) 1 — r\/’l_fz;é (:12 a
At wa:
by + w:Co=6;  Q “___ (m)
s + wilCo = ¢; =
’ PTG VI = ¢
At w3z
by 4+ w3Co = ¢; QOs < Q2. (27(3)

It can be seen from (27) that each external terminal will
be detuned in the absence of the pump, unless ¢=0.
Also, the necessary external Q’s increase as ¢ approaches
unity. Therefore, the condition ¢ =0 appears to be the
preferable operating condition, since it calls for mini-
mum Q circuits and permits circuit tuning prior to the
application of the pump signals.

Since the results of this section have led to a small-
signal converter with: 1) arbitrary power gain, and 2)
conjugately matched input and output terminals,
several applications immediately suggest themselves,
The first application, which is shown in Fig. 7, is to
cascaded up-converters. Here, the gain of each stage can
be controlled individually at the respective lower side-
bands, without requiring any adjustments of the inter-
stage networks. Since each stage of this cascade is an up-
converter, it is necessary that Im (C3Cy¥) >0 for each
stage, which makes the maximum gain in the reverse
direction the ratio of input frequency to output fre-
quency. A similar result follows if the sign of Im (C2Ce*)
is reversed in each stage, to make the cascade a high
gain down-converter.

A modification of this application is shown in Fig. 8,
where an up-converter and a down-converter are placed
“back to back,” such that the input and output fre-
quencies are the same. In this configuration, the only
basic difference between the two stages is in the sign of
Im (C2Cy*). Therefore, this circuit yields a nonlinear
reactance amplifier with: 1) positive input and output
conductance, 2) arbitrary forward gain, and 3) a maxi-
mum reverse gain of unity.

It is interesting to apply the Manley-Rowe equations
to the circuit in Fig. 8. Since only w; and w; appear at
the external terminals, this circuit is described by the
same special case of (1) as is the conventional nonlinear
reactance amplifier, where [by (3b), with W,=0]

(28)
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Fig. 7—A cascade of upper-sideband up-converters of the type de-
scribed in Case 2. The reflected conductances, which are indicated
in each box with appropriate signs, are gain-insensitive. Each stage
is theoretically capable of unlimited gain.

Wo™ W~ W,
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Fig. 8—A positive-input-conductance, nonlinear reactance amplifier
formed by cascading an up-converter and a down-converter of the
type described in Case 2. The only basic difference between these
two stages is in the sign of the phase angle between wo and 2we.

In this case, however, W; has components at two sepa-
rate terminals and hence can be negative even though
the input is conjugately matched.

Although the circuits described above may have de-
sirable gain and control aspects, their noise character-
istics will serve as the ultimate test of their value. The
primary sources of noise are associated with the external
resistances and with internal resistance that is inher-
ently present in any real nonlinear reactance element.
In practice, the noise temperature of the output load
will generally be fixed and may be large, which is one
reason for the use of circulators in conventional nega-
tive-input-resistance amplifiers and converters. How-
ever, with the possibility for conjugate match offered
in this case, output noise that is fed back to the input
(because of the semidirectional nature of the circuits
under consideration) can largely be absorbed. In addi-
tion, the “dummy load” nature of g; allows its tempera-
ture to be varied independently of the input and output
circuitry. Thus, the so-called idler noise that is present
in conventional nonlinear reactance circuits should be
reduced considerably in this circuit. It can be proposed,
therefore, even without the use of circulators, that the
noise figure of this circuit should be improved over that
of conventional negative-input-resistance amplifiers and
converters, even when these latter circuits employ cir-
culators.
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CONCLUSION

A detailed analysis of (8), or equivalently, Fig. 4, has
demonstrated several useful extensions of conventional
nonlinear reactance circuits. It has been shown that
parametric amplification at a frequency higher than the
pump can, from the point of view of the nonlinear re-
actance element, be the same order of effect as con-
ventional parametric amplification at a frequency lower
than the pump. Also, a nonlinear-reactance circuit has
been developed that is capable of unlimited up- or down-
conversion gain, without reflecting negative resistance
at either the input or the output terminal. The latter
result suggests a means by which a nonlinear-reactance
amplifier can be obtained which does not require a circu-
lator for optimum performance. A more detailed sum-
mary of the results of this analysis is given in Table I.
Within the limits of approximation provided by the
circuit model in Fig. 4, Table I contains a compilation
of the more important conclusions regarding three- and
four-frequency, nonlinear reactance circuits.’

APPENDIX

Proofs of Theorems 1 and 2 can be obtained by the
following considerations, These theorems deal with the
real parts (az,) and the imaginary parts (8g,) of
Yy (B=1, 2, or 3}, and explicit expressions for these
quantities can be obtained from (15). The proof of
Theorem 1 will be divided into the following steps.

Step A. There are two possible conditions under which
By = B3, =0 can be satisfied simultaneously; namely,

Bs =0 (29a)
or
: ]
T T 1

s (29b)

Yz
However, for a1, >0 and as,, >0 to be satisfied simul-
taneously, it is necessary that

1 as 2

< s
|’Yl’Yz+ 112 as + a1| ’Yz|2

<

(30)

Y2

Therefore, of the two possible conditions described, only
(29a) will yield both stability and resonance at wy and ws.

Step B. If B3=0, the condition for resonance at w:
and w; becomes 611’)/21 ?=f,. Now, if Bs,,=0 is also re-
quired, the following expression for as,, can be obtained.

IRIE 1/2
ay, =@t az(l +%> <1 ~ %> >0. (3D

az? 2

® The term “four-frequency” has been employed throughout this
paper even though a fifth frequency, in the form of the pump har-
monic, has frequently been included. This choice of nomenclature has
been made because only one of the two pump components need be
applied externally, and hence only four-frequencies need be observed
at external terminals.
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TABLE I
A SuMMARY oF THE MAJOR EFFECTS OBTAINABLE FROM THE NONLINEAR REACTANCE Circurtr MoDgL oF Fig. 4%

Pump Components
Frequency B —
(@) Cionly (b) C: only (¢) Crand G
(1) wi, w2 C.G.: Limited No effects Same as (la)
P.A.: None
I.R.: Positive
T:  Gain independent
(2) w1, ws C.G.: Unlimited No effects Same as (2a)
P.A.: Unlimited
I.R.: Negative
T:  Gain independent
(3) ws, ws No effects Same as (2a) Same as (2a)
4) w1, ws, w3 C.G.: Unlimited Same as (3b) C.G.: Unlimited
P.A.: Unlimited P.A.: Unlimited
I.R.: Negative L.R.: Positive at w; and w2
T: Gain-dependent; Negative at w;
Tuning impossible at T:  Gain independent
all three frequencies

* In entries where one or more frequencies or time-varying capacity components are omitted, they are assumed to be short-circuited. Key:
C.G.=conversion gain; P.A. =gain by parametric amplification; I.R. =input resistance; and T =tuning conditions.

However, for parametric amplification at ws, (31) must
be satisfied in such a way that the second term takes
on the negative sign. Clearly, this is not possible if
Bay =0. Consequently, if B, =85,=0, then B, 0
is necessary for parametric amplification at wa. B2, =0
can occur only if as,, equals 2¢; or zero (i.e., only under
conditions of conjugate match or infinite gain at ws).

Step C. This step amounts simply to noting that,
under Case 1(b) of the text, $85,=0 and §;=0 are
shown to yield By, 0 and B, #0 in the region of
parametric amplification at w,.

Therefore, under the conditions stated in Theorem 1,
B:=0 yields either 81, =83, =0 and B, #0 (Step B),
or Ba, =0, B,y #0, and Bs,, %0 (Step C). Similarly, with
8570, By, and (s, cannot vanish simultaneously
(Step A). Therefore, stable parametric amplification at
wq, with [C21 =0, requires at least one of the three
quantities, By, B,y or Bs,, not to vanish, which
proves Theorem 1.

Now consider Theorem 2. By Steps A and B above,
the necessary and sufficient conditions for wy and ws to
be both resonant and stable® are:

B: =0 (32a)
B2 = 51[ Y2 ‘2 (32b)
1 - 3
> (320)
ay ! Y2 |2
If (32a) is satisfied,
1 _
a;—— > [1— (1 — 4as?8:2)1?] (33)
a3 20[2

is necessary and sufficient for stability at ws. However,
by (32b), (33) can be written

1 23 B2
ar—— > — ~——[Iesser of{ 1,—
a3 I Y2 ]2 as?

which is the necessary and sufficient condition for sta-
bility at ws. Since (34) is also sufficient for stability at
wy and wg, the proof of Theorem 2 is completed.

(34)
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