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Analysis of Four~Frequency Nonlinear

Reactance Circuits*

DAVID K.

Summary—Several advantages of multiple-frequency nonlinear
reactance circuits are described in this paper. In particular, a circuit
is considered in which a nonlinear reactance couples four basic fre-

quencies: COO,CO,,C02,and w; these are so related that coz=LJO+W and

CO,= w – CO,. Here, w is taken to be the power source or pump. It is
found to be desirable to allow for the possible presence of the pump

harmonic, 2GW and individual cases are characterized by whether
20, is present or not. The major results are as follows: 1) Unlimited

amplification gain is theoretically possible at frequencies higher than

the pump, by reflecting negative input resistance at COZ,but without
relying on any effects due to pump harmonics. 2) Unlimited up- or
down-conversion gains between w and a, are theoretically possible
in the additional presence of the first pump harmonic, but without
reflecting negative input or output resistance. 3) Unlimited amplifi-
cation gain is theoretically possible at frequencies both lower and
higher than the pump fundamental, without reflecting negative input

resistance.

INTRODUCTION

I

N recent years, considerable attention has been

given to the unusual properties of nonlinear re-

actance modulators. The basic attribute of these

circuits that has been exploited thus far is frequency-

conversion with power gain. Since nonlinear reactanc~

conversion gain can be obtained in the presence of a

signal (or reference frequency), a local oscillator (or

“pump”), and just one of their sidebands, emphasis to

date has been on three-frequency circuits. It has been

demonstrated, however, that remarkably different

conversion characteristics arise, depending upon the

par Licular choice of sideband.1 In the upper-sideband

case, the magnitude of conversion gain is limited to the

ratio of the output frequency to the input frequency.

In the lower-sideband case, arbitrary conversion gain is

possible through regenerative action, which reflects

negative resistance into both the input and the output

terminals, Such negative resistance also enhances the

input signal; this effect is known as parametric ampli-

fication.

In view of the striking differences between these two

sidebands, the simultaneous presence of both sidebands

causes the anticipation of interesting effects. Several of

these effects will be investigated in this paper, and the

following major results will be demonstrated:

1) Parametric amplification is possible at frequencies

* Manuscript received by the PGMTT, July 31, 1959; revised
manuscript received, December 18, 1959. This work was sponsored
by the U. S. Army Signal Res. and Dev. Lab., Ft. Monmouth, N. J,,
under Contract No. DA-36-039 sc 78283. The conclusions of this
paper were originally reported at the PGMTT National Symposium,
Harvard University, Cambridge, Mass,, June, 1959.

t Electronic Defense Group, University of Michigan Research
Institute, Ann Arbor, Mich.

1 J. M. Manley and H. E. Rowe, ‘(Some general properties of non-
linear elements—Part I. General energy relations, ” PROC. IRE, vol.
44, pp. 904–913 ; July, 1956.
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higher than the pump fundamental, without relying

upon effects caused by pump harmonics.

2) In the additional presence of the first pump har-

monic, arbitrary up- or down-conversion gain is possible

between the reference frequency and the upper sideband

without reflecting negative resistance at either fre-

quency. Furthermore, the reflected input and output

resistances can be made insensitive to gain.

With nonlinear reactance elements possessing strong

nonlinearities and good high-frequency response, the

value of the first result lies primarily in its contribution

to the general understanding of nonlinear reactance cir-

cuits, However, the second result has considerable po-

tential value in spite of its dependence on the presence

of the first pump harmonic. As a consequence of state-

memt 2), up. or down-converters of arbitrary gain can

be cascaded. In the special case in which an up-converter

of the type mentioned above is followed by a similar

dowmconverter, a nonlinear reactance amplifier can be

constructed which does not rely on the reflection of

ne,:.ltlve resistance at the input terminals. Therefore,

unlike conventional parametric amplifiers and negative-

input-resistance converters, the full potential of this

improved converter circuit can be obtained without the

use of circulators.

GEXERAL ENERGY CONSIDERATIONS

The basic problem to be considered in the following

analysis is that of a lossless, nonlinear reactance in the

presence of signals at aO, al, and at their upper and lower

sidebands: 02 =Uo+col and ti3 =COo —ul. In general, the

signal at UO will be considered as the power source or

pump and will be assumed to have arbitrarily large

available power. It is practical to allow also for the

possible presence of the pump harmonic, 20J0, since it

will be shown to provide valuable effects in some cases.
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Fig. 1—A general circuit model for the nonlinear
reactance problem under discussion.
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A circuit model for this problem is suggested in Fig. 1,

in which a nonlinear capacitor has been chosen to repre-

sent the’ nonlinear reactive element, and ideal filters

have been assumed: 1) to short circuit all frequencies ex-

cept those chosen above, and 2) to allow these frequen-

cies to be coupled only by the nonlinear capacitor.

While the assumption of ideal filters seems to be very

restricting, the external circuits will ultimately be con-

strained to be resonant with fairly high Q’s, Thus, the

ideal filters can eventually be removed without seriously

affecting circuit operation.

Although small-signal analysis will be the primary

medium employed in this investigation, the general

properties of nonlinear reactance elements provide a

foundation for the results cited previously. It has been

shown by Manley and Rowel that the following general

statements can be made about lossless, nonlinear re-

actance in the presence of sinusoidal signals with fre-

quencies from the set ~nn = Y mu”+ no,, where m, n = O,

1,2, ...:

(la)

Here, JV~,, is the average power entering the nonlinear

reactance at co~,,, and tV~,, = W–m ,– n. The only restric-

tions on (1) are that W1/WO must be irrational and that

the nonlinear reactive element must have a single valued

characteristic. For application to the problem of interest

here, (1) reduces to

where the double subscript notation has been dropped,

except in the case of average power at the first pump

harmonic, J?7Z0.

It is important to note that the artifice of restricting

the Manley-Rowe relations to a particular set of desired

frequencies does not necessarily mean that a predicted

result will be generally realizable without the presence

of certain of the eliminated frequencies. For example, if

the external circuitry reactively terminates a particular

frequency, it will be eliminated from (1). However,

through internal conversion this frequency may be a

hidden mechanism behind effects that seem, from (1),

to be independent of such frequency. This situation

arises in this problem in connection with the first pump

harmonic. Eq. (la) suggests nothing about the relative

importance of the pump and its harmonic, and, in fact,

falsely suggests that they are interchangeable. Since it
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is the reactive power of the pump harmonic that is im-

portant in this case, Wzo will be ignored [or the present.

Furt her study of (2) will be divided into two parts.

Considler first the application of signals at COl and coo,

with a~z and CUSseeing passive loads ordy (i.e., loads

whose resistive components are positive). Thus, W.2 and

IVS are nonpositive and (2b) yields the following ex-

pressiclns for up-conversion power gains from u~ to

cdz or US:

G P12 =

G Pt.! =

W3 6J3 X32
.

WI cl), 1 – x,;
(3b)

WII LLlo 1 + X32
— (3C)

WI – @l 1 – X3;

where 1X32 = w3(l)2/ w2@3. To illustrate l:he remarks to

follow, sketches of (3) are shown in Fig. 2. [n the limit

where cw is short circuited ( Ws = O), GP,, has the well-

known value u2/ul. However, GP,, increases as X32 is

increased, and arbitrarily-large positive values of GPI,

can be achieved in the vicinity of X,, ~ 1. This suggests

that klrge conversion gain is possible without reflecting

negative input conductance at u1. For X3.2> 1, G],: and

&3

W2 “

&,
0, %//

/7
——._7~–

/,/

GPI, yy.o
WI

Fig. 2–-Sketches of (3) showing the regions of positive and negative
con~rersion gains from w to w and W?vs the ratio of output powers
at us and m Pump power is applied at LOO,and WO/WI is the ratio
of pump to signal power.
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G,l, are negative. Hence, this condition defines a general

region of potential instability in which parametric

amplification is possible at al. It is important to note

that negative conversion gains do not necessarily imply

the reflection of negative conductance at the input fre-

quency terminals, although this has been the case in

previous nonlinear reactance circuits. Eq. (1) would also

predict negative conversion gains if the input signal were

completely absorbed at one terminal pair, amplified, and

then expelled at the same frequency (along with other

conversion frequencies) at another terminal pair. The

realization of this effect (without using circulators) is

one goal of this paper.

The second case of interest is with signals applied at

U. and wZ, and with only passive loads for WI

this case, (2) yields, with X31 = W3QJ Wlcoa,

X31
Gp,,=–~=~

@2 1 — X31

Wo cOO2X31 — 1
—

m–u, 1–X31

and us. In

(4a)

(4b)

(4C)

which are sketched in Fig. 3. For X31< 1/2, G21 and G23

are positive, but w’O/ Wz is negative. Therefore, the

pump circuit is unstable in this region and the signal at

0J2 will act as the power source. For (aO/oJJ < XU <1,

G.,l is greater than unity. Therefore, this is a region of

arbitrary down-conversion gain with positive input con-

ductance. For X31 >1, G,,, and W’o/ W2 are negative.

Thus, a region of potential instability exists at Wz, which

suggests that parametric amplification is possible at this

frequency.2

Again it should be noted that (1) in no way guarantees

that just any nonlinear reactance will yield the results

above, For a particular nonlinear reactance, (1) may

have only the trivial solution, W’~m = O. For example, it

can be noted from Fig. 3 that parametric amplification

at U2 is predicted even in the limit where al is short cir-

cuited ( W1 = O).3 However, with the nonlinear reactance

model employed in small-signal analysis (a model which

satisfies the Manley-Rowe equations), it can be shown

that the pump harmonic (2uJ is necessary for para-

metric amplification at @z, if WI= O.

z C. L. Hogan, R. L, Jepsen, and P. H. Vartanian, “New type of
ferromagnetic amplifier, ” J. A~@. Phys., VO~. 29, pp. 422423;
March, 1958. This paper contains the original proposal of the possi-
bility of parametric amplification o,, using w and w as so-called
“idler” frequencies. Since the work seems to be based on purely quali-
tative arguments, parametric amplification at w will be treated in
greater detail in the present paper.

3 For previous treatment of this special case through small-signal
analysis, see S. Bloom and K. K, N. Chang, “Parametric amplifica-
tion using low-frequency pumping, ” PROC. IRE, vol. 46, pp. 1.383-
1387; July, 1958.

Fig. 3—Sketches of (4) showing the regions of positive and negative
conversion gains fron 02 to w and ~ 8vs the ratio of output powers
at OSand W. Pump power is applied at oo, and WO/Wl is the ratio
of pump to signal power.

SMALL-SIGNAL THEORY

Although the Manley-Rowe equations provide a basis

for predicting general properties of nonlinear reactance

circuits, they yield no specific information on impedance

levels, bandwidth, or the importance of extraneous fre-

quencies. Such information requires further knowledge

of the element in question plus mathematical techniques

for handling the associated nonlinear circuits. Fortu-

nately, several approximate characterizations of non-

linear elements lend themselves to standard analytical

methods. In general, these involve some form of small-

signal analysis, the most basic of which neglects re-

sponses of the nonlinear element to all signals except the

power source and its harmonics. Small signals at all

other frequencies then see essentially a periodically-

varying circuit element at fundamental frequency cw.4J

In this section, a nonlinear capacitor will be assumed

to be driven by a power source at Uo. To employ the

small-signal model outlined above, the power source and

nonlinear capacitor will immediately be replaced by a

periodically-varying capacitor for which the following

Fourier representation applies:

4 H. E. Rowe, “Some general properties of nonlinear elements
—Part II. Small signal theory, ” PROC. IRE, vol. 46, pp. 850-860;
May, 1958.

s D. Lennov, “Gain and noise figure of a variable capacitance up-
converter, ” Bell Sys. Tech. J., vol. 37, pp. 989–1008; July, 1958.
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where Cm = C_ m*.G Now, assuming the external circuitry

essentially short-circuits all small-signal frequencies ex-

cept u1, CW, and ti3, the small-signal voltage and current

across the time-varying capacitor will be given by

I(f) = ~ (l,,e~””’ + l.*e-?”~’) + (terms representing (6b)
??=1

short circuit cur-

rents at other fre-

quencies).

In (6 b), it is necessary to consider only terms in al, Wz,

and uZ, since these are the only current components ac-

cessible to external terminals. By combining (5) and

(6), the following admittance relation is found between

the currents and voltages across the time-varying

capacitor at each of the small-signal frequencies:4

[

11 JJlco j.Jlcl* jwlcl VI

Iz =11[jqcl jwco jqcz

1[ 1

v, . (7)

13* –ju3cl * —J”CIJ3C2* —j”Cd3co V3*

It is important to note that, because of the terms in Cz

in (7), small-signal effects on Ul, W, and us will generally

include effects of both the pump and its first harmonic.

Thus, for a more general formulation of this problem,

terms in Cz will be included.

Eq. (7) suggests the linear circuit in Fig. 4 as a small-

signal model for this problem. Because of the assumption

of ideal filters in Fig. 4, the external admittances are

easily included with (7) to yield the complete admit-

tance relationship shown below.

[1
110

120

130*

-[

F,+jcolco jLolcl* jlncl v,

— jozcl Y2+jLlJ2co jmcz

1[ 1

v, . (8)

–jLo3cl* ‘jU3C2* 17a* -j@3clJ V3*

In general, two basic phenomena will be investigated

with the ald of (8): 1) power conversion from co~~to u,, ;

and 2) parametric amplification at oJ~; where m, n = 1, 2

or 2, 1, respectively. Referring to Fig. 5, if Gt,nn is the

ratio of the output power at u. to the available genera-

tor power from a source at cum, then

‘&. (9W — %)
Gtmn=

I Ym,w1’ x‘pm” (9)

where Y~I~ = g~I~ +jb~lN is the driving point admit-

tance at terminals (m), g, is the internal admittance of

the input generator, and Gpmn is given by (3a) or (4a).

+130

‘Ttla--;y’’3’’3’NY,

‘f, ”,~,,

N(b
/l

(I

1/’ C2 (24
*

/fl

,— ______ J

Fig. 4 —A small-signal model, based on (7), for the nonlinear capaci-
tance circuit shown in Fig. 1. Here, -y represents a normalized ad-
mittance, according to the definitions in (12).

NONllNEAR
REACTANCE

CONVERTER mb, 9“

.

Fig. 5—-The modified external admittance notation that is assumed
whenever external sources are present, as in the derivation of (9).

Since GP~~ can be alternately expressed by

(9) becomes

(lo)

(11)

Ultimately, conditions will be sought undler which G,,n.

is arbitrarily large. As will be shown shortly, this con-

dition usually arises only when ] Y%l~ I approaches zero.

Since the vanishing of ] Y~,~ ] is also a sufficient condi-

tion fcw parametric amplification at con, first attention

will be directed toward this quanitity.

Since YII~ = (1,,/ V,) with 120= 1s0= O, etc., the evalua-

tion of YJ,,~ (k= 1, 2, or 3) from (8) is straightforward.

Once obtained, however, the complexity of each Y~,~

expression can be considerably reducecl by the intro-

duction of normalized admittances y, and TklN, which

are deiined as follows:

Y1lN C2 YI + jlllco C2
WIN=-—;

Cdl cl’

~1 . ——— – ~ (12.)
ml

Y21X Y2 + jtibco
Y:!lN =

LO,ICJ ; “= Wlc,l
(12b)

1731N* Y3* – jJ3co
731N =

@31c21 ;

~2 =

@3Ic:!I “ ‘12C)e Asterisk (*) indicates complex conjugate.
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The notation ~~ = ak +~~k and ~klN = ak,N +.~bk,N (k= 1,

2, and 3) will also be adopted. The input admittances

now take the following normalized forms:

73 – 72 + Zj+
71,., = 71 + (13a)

““

7!273 — 1

‘-r’3– 71 + qt
‘Y21N =Y2+

‘Y1’Y3 – 1

71 + 7’2 – 2j4
‘Y31N = 73 –

‘7172 + 1

Here,

13b)

13C)

(14)

and hence is a function of only the relative phases of Cl

and Cz. Eqs. (13) are assumed to apply simultaneously

and express both the normalized input admittance pre-

sented to an ideal generator at any terminal, and the

normalized output admittance presented to an ideal

voltmeter at any terminal. Therefore, whenever real

sources of meters are applied, their internal admittances

will be assumed to be lumped with each Y~ or ~k

(k=l, 2, 3), asin Fig. 5.

The form of each of the equations of (13) readily

identifies the physical significance of each term. The

first term in each expression for ~k,~ is the normalized

load admittance at terminals k (k= 1, 2, 3), while the

second term is the corresponding reflected admittance

at terminals k. Inspection of (13) reveals that many sets

of passive loads exist for which one or more of the ~kr~

have negative real parts. This situation will be inter-

preted as complete instability, and hence (13) will be

considered physically significant only when the real

parts of ‘YI1~, 721~, and ysI~ are simultaneously positive.

In other words, a negative reflected conductance at any

terminal pair will be considered useful only when the

external conductance at that terminal has the greater

magnitude of the two.

Since circuit adjustments are desired that yield large

values of Gt~n in (1 1), the zeros of ] Y~I,Vl and the

poles of I ITJ ~~ ] will be of immediate interest. It fol-

lows, from the inversion of (8), that the poles of

I 17~/17~\ occur when ]y~y~-11 =0 (n=l, 2). However,

by (12) and (13), this condition usually yields a pole

for I Y~,~ I (tit =1, 2). When this is the case then, the

zeros of I Y~l~l (and hence ] ~~z~] ) are the only infinite

gain points. The only exception to this observation oc-

curs when (13a) and (13b) are made independent of 73,

treated below, under Case 2.

Casel. ]C21 =0

The first application of (13) will be to the true four-

frequency problem in which all effects of the pump har-

monics are assumed negligible. This corresponds to

letting I Cz ] approach zero, whereupon (13) reduces to

the following limiting forms:

‘y3 — ‘y?
Y1lN =71+ (1.5a)

y2?3

73
Y21N =’Y2+ (15b)

?’I’Y3 – 1

72
‘Y31X = ?’3 — (15C)

7172 + 1 “

Note that [ C2 I cancels identically from each of the

above expressions. Therefore, it will be required that

the equations of (15), and those to follo~v in this case,

have solutions other than the trivial one, I C2 I = O.

Since (15a) and (15b) cannot be made independent

of 73 in this case, onl~- arbitrarily-small values of

l~ym (m= 1 or 2) will allow unlimited conversion
gains from u] to 0J2, or vice versa, Therefore, when

I Czl =0, the possible advantages of four-frequency cir-

cuits over conventional three-frequency circuits are:

1) the reflection of useful negative conductance at COl in

the presence of Wz, and 2) the reflection of useful nega-

tive conductance at 0J2. Since the latter result is the

more novel of the two, in that it provides parametric

amplification at a frequency higher than the true pump

frequency (i.e., WO, since I Cz ] = O), primary considera-

tion will be given to this result. This study will be done

under two constraints: 1) culz~, CL21M,and a31~ must be

positive for stability, and 2) ~1,~, (121N, and ~v,~ must

be small (preferably zero) at the center operating fre-

quency. The latter condition makes all three terminals

nearly resonant, which is desirable as a practical means

of eliminating the ideal filters that are tacit to this

analysis. Only approximate resonance is required at the

external terminals in this case, because it will be shown

that some detuning is necessary for parametric ampli-

fication at Uz to occur.

For purposes of introduction, a special case of four-

frequency operation will be described first. One tech-

nique for resonating the external terminals is to make

61=/32 =&= 0, which means physically that external

reactance are chosen to resonate CO independently at

each terminal. This choice of external reactance, which

has been generally satisfactory in conventional three-

frequency circuits, is attractive from the practical point

of view because it allows circuit adjustments in the

“cold” condition (i.e., with the pump turned off). How-

ever, this tuning procedure will be shown in be relatively

unproductive in this case.
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ca~e~(a). [Cz[ ‘~j~1=~2=P3=o

Under these conditions, (15) becomes

a3 — 0!2
~ llN =al+

a@2

~3
ff2rN = ~2 + ———

a@l — 1

@2
ff31N = f_Y3 —

ala!? + 1

Four-Frequency

(16a)

(16b)

(16c)

Inspection of (16) shows the condition for stability to

be ala~ >1. Therefore, no useful region of negative re-

flected conductance exists at w and the minimum value

of ~1~~ is limited by circuit stability to 1,iaz. Thus, para-

metric amplification at cw is not possible in this case,

and the presence of UZ limits the gain by parametric

amplification at @l. However, some improvement in

conversion gain from U1 to WZ is possible over that ob-

tainable in the absence of us (i.e., with a?= ~). In this

case, (11) yields G~l, = 4alawz/@I as the maximum up-

conversion gain from U, to m. In the absence of us,

maximum G~lz occurs for alm = 1. Therefore, allowing as

to take on finite values can increase the gain of a con-

ventional up-converter by 6 db in this case, which is

consistent with results reported by Jones and Honda.7

It will now be shown, through a more general investi-

gation of (15), that the desired negative reflected con-

ductance at UI and U, can be obtained with more arbi -

trary tuning techniques. These techniques are based on

the following general theorems, which pertain to the

four-frequency time-varying reactance circuit under

consideration here.

Theorem 1: If ] CZ ) = O and al,~, CWIN, as,~ >0, then

either &~ # 0, ~~1~ # O, or f%rg + O, is a necessar~r condi tion

for parametric amplification at UZ.

PYoof: See Appendix.

Theorem 2: If I C~ I = O, the necessary and sufficient

conditions for aII~, cwl~, aZIW >0 and fllI~ =P31N = o

(i.e., a stable circuit with resonant terminals at co, and

OJ3) are:

~3=o (17a)

/%? =8117212 (17b)

1
al——> ‘“FesserOf(l%)l‘l’C)ff,]72]2

Proof: See Appendix.

It should be noted that Theorem 2 can be applied to

conventional parametric amplifiers in the case where

the upper sideband (uZ) is not completely shorted, but

where the pump harmonic is suppressed. I n this case,

7 E. M. T. Jones and J. S. Honda, “A low-noise up-converter
parametric amplifier, ” 1959 IRE WESCON CONVENTION RECORD,
pt. 1, pp. 99–103.
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(17b) indicates that “cold” tuning is not sufficient and

some retuning must accompany changes in lpump level.

In view of Theorem 1, parametric amplification at U2

will be approached by requiring only the terminals at

02 to be resonant ((321~= 0), for then ] YIIm I approaches

zero as az[~ approaches zero. The additional assure ption

that ~:~= O will be shown below to lead to useful solu-

tions.

Case l(b): IC21 =O;~s=O;~l#O, f12#0

Eq. (15) now yields

— Crz

—--- <O!l --<0
172)’ 1~3

(18)

as the condition for: 1) stability at cot and cos,~land 2) the

reflection of negative conductance at CM. If (18) is satis-

fied, the condition for resonance at coz then becomes

If (19) is satisfied, the condition for stability at WZ is

82< Bl] 72)’. (20)

These conditions are made clearer in Fig. 6, which is a

plot of (19) for Qla3 <1. Here, ~1 is considered to be the

independent variable determining the magnitude of

negative reflected conductance at uZ. Point A is the

threshold of parametric amplification at CW, point B

marks t:he threshold of circuit instability y at al [in (18)],

while infinite gain at cOz [in (20) ] corresponds either to

point C, if ~zz <CW2, or to point B, if @z2> CM2.Therefore,

useful parametric amplification at U2 may be limited to

the finite gains corresponding to the range between

points A and B on the tuning curve in Fig. 6. This

t

“-V’TAB’L’TYAT”’

Fig. 6—The locus of external circuit adjustments for tuning and para-
metric amplification at uZ, as described in Case 1(b).

8 If f?a =0, it can be shown, as as decreases, that (~?never becomes
unstable before o: ,becomes unstable. Thus (18) only explicit y defines
the region of stabdlty at W.
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limitation on gain can be overcome by choosing CXZ2<&2.

In this case, the negative conductance reflected at both

al and 0J2 allow arbitrary gain at either frequency. It

can be shown that a similar result is possible if the

terminals at COl are constrained to be resonant while

those at W2 are detuned.

Thus, in the notation of Fig. 4 (but letting b~’ = b~

+co~CO, k =1, 2, 3), sufficient conditions for arbitrary

gain at WZ (and at OX), with I C, I = O, are:

b2’=0 (21a)

(21C)

()w’ 2
(21d)

‘-Z”

It is important to note that only conditions (20) or (2 lc)

satisfy Theorem 2 at the point of infinite gain

[6162(1 +-K’) = 1]. Thus, as previously mentioned, the

terminals at al and C03are not resonant in this case and

suffer detuning at center frequency. For the special case

of K =1, the detuning at WI and W3 is given by

(22a)

Eq. (22) indicates that the amount of detuning at COl

and C03is very small when the gains at 02 (or at COl) are

large.

Therefore, if I C2 ] = O, the operation described in Fig.

6 allows: 1) arbitrary gain by parametric amplification

at either U1 or CW, and 2) arbitrary up- or down-conver-

sion gain between U1 and U2. Both these effects arise

through the reflection of negative conductance at the

input terminals, and are accompanied by some detuning

of the external terminals.

A physical interpretation of these results is suggested

by (8). If C,= O, it can be seen that C02and C03are not

directly coupled, but interact only through the inter-

mediary frequency al. When considered separately, the

feedback between WI and C02is degenerative, while that

between UI and IWa is regenerative. The combination of

these two feedback mechanisms can make the over-all

feedback at Wg regenerative. However, it has been found

that additional phase shift must be inserted into these

feedback paths (e.g., by detuning the terminals at OJl

-and C03) to stabilize this regenerative effect.

Case 2: IC21 #0

It has been shown previously that the design of

idealized, three- or four-frequency, nonlinear reactance

converters for large, small-signal, conversion gains (i.e.,

small-signal gains considerably greater than the ratio of

output frequency to input frequency) must invariably

rely on the reflection of negative resistance at the input

terminals. Consequently, such devices frequently em-

ploy circulators as auxiliary equipment, in an effort to

reduce noise figures and to increase gain-bandwidth

products. It will now be shown, when I C2 I #O, that

arbitrarily-large conversion gains are possible between

U1 and U2, without reflecting negative resistance at

either frequency. Thus the importance of circulators in

high-gain nonlinear reactance converters can be elimi-

nated.

The technique for achieving the result cited above is

to choose external circuit components that allow

I ~./~wl to be arbitrarily large [see (11)] without pro-

ducing a similar effect on YfiI~ (M, n= 1, 2 or 2, 1, re-

spectively). It has been remarked previously that this

condition can be achieved by making (13a) and ( 13b)

independent of 73, which, in turn, can be accomplished

only if

71 = 72 = 41 – @+j+, (23)

Obviously, only the positive square root is permitted

here, as will be the case henceforth, unless ( ~ ) signs are

specifically indicated. Substitution of (23) into (13a)

and (13b) yields

(24a)

Thus, when (23) is satisfied, the terminals at UI and Wz

are conj ugately matched for all y~. Similarly, (13c) re-

duces to

(24b)

which indicates that a constant negative conductance is

reflected at W8. Consequently, CJ3> ~1 — @ must be re-

quired for stability.

Although y~l~ (m= 1, 2) has been made independent

of TS, it can be shown that G~W~ still has a useful pole

as a function of T3. By solving (8) for I V./ V~ ] , and us-

ing (12), (11) yields the following expressions (g~ = g,):

G, _ : (a.3 * <1 – @’)’ + (f?3 + @)’
12 —

[cd, (a, – <1 – ~’)’ + (p, + ~)’ 1 (25a)

OJ, (% T <1 – 42)’ + (P, + f4)2 . ~25b)

Gt21 = —
[

—.
(J, (a, – <1 – @’)’ + (p3 + C#l),1
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Here, the (i-) signs arise because @ specifies only the

magnitude of the relative phase angle between Cl and

Cz, and not its sign. In each equation of (25), the upper

sign corresponds to Im ( C12C1*) >0 while the lower sign

corresponds to Im (C12CZ*) <O. Thus, for a given value

of ~, there are two possible up-conversion gains and two

possible down-conversion gains. In the case of negative

square roots, both G~li and G~zl reduce to the ratio of

output to input frequency, independently of 73; while

with the positive square roots both Gilz and G~zl become

arbitrarily large as 73 approaches the value ~1 – @ –j@

(assuming, for stability, that it does so with as> /1 – ~’).

Within a single converter stage, however, (25) cannot

be satisfied simultaneously with positive square roots,

which yields the useful result that each converter stage

is semidirectional, The directivity is dependent on both

the forward gain and the relative magnitudes of the

frequencies employed.

Perhaps the most practical operating condition is

with the terminals at 73 resonant (i.e., (33= — @), where-

upon (25) reduces to

[ 1
cc!~ a3i-~1-r#J2

G,l, = — (26a)
al a3—<1—&

[

OJl C23 + <i—— 42 2

G~,, = — 1 (26b)
~z a3—{1—~2 “

In the positive square root cases, the conversion gains

now depend entirely on as, which means physically that

variation of the external circuit Q at U3 controls con-

version gain without changing the input or output ad-

mittance at any terminal pair.

The fact that two completely different conversion

characteristics arise according to the sign of I m ( C12CZ*)

is somewhat surprising, since the input and output ad-

mittances at all three terminals are independent of this

sign. From Figs. 2 and 3 it is evident that the fixed gain

cases of (25) and (26) must correspond to W3 = O, which

can be verified by solving (8) for I V31, With sources

first at UI and then at w, I V31 is found to vanish inde-

pendently of 73 whenever the negative square roots

occur in GCl~ or G~gl, respectively. However, in the posi-

tive square root cases, I V3 I increases with G~,, and Gt,l,

for sources at U1 and w, respectively, which is again in

agreement with Figs. 2 and 3.

It is interesting to assume also a source at 03 and to

evaluate the quantities I VJ V3 I and I VZ/ VS1. It can
be shown that a, couples only to the ~, terminals when

G,l, employs the positive square root, and that C03

couples only to the CO1terminals with the positive square

root in Gtzl. Thus, the coupling between C03and al or

c+ is nonreciprocal in this case, and its direction depends

on the sign of Im(ClzCz*).

In summary, for a given magnitude of phase angIe

between the pump and its harmonics, the above results

require the following external circuit adjustments:

At 0J2:

At W3:

b3 + U3C0 = ~; Qs < Q2. (27c)

It can be seen from (27) that each external terminal will

be detuned in the absence of the pump, unless @=0.

Also, the necessary external Q’s increase ias ~ approaches

unity. Therefore, the condition q5= O appears to be the

preferable operating condition, since it calls for mini-

mum Q circuits and permits circuit tuning prior to the

application of the pump signals.

Since the results of this section have led to a small-

signal converter with: 1) arbitrary power gain, and 2)

conj u,gately matched input and output terminals,

several applications immediately suggest themselves.

The first application, which is shown in Fig. 7, is to

cascaded up-converters. Here, the gain of each stage can

be controlled individual y at the respective lower side-

bands, without requiring any adjustments of the inter-

state networks. Since each stage of this cascade is an up-

converter, it is necessary that Im ( C12CI*) >0 for each

stage, which makes the maximum gain in the reverse

direction the ratio of input frequency to output fre-

quency. A similar result follows if the sign of Im (C/C2*)

is reversed in each stage, to make the cascade a high

gain down-converter.

A modification of this application is shown in Fig. 8,

where an up-converter and a down-converter are p~aced

“back to back,” such that the input and output fre-

quencies are the same. In this configuration, the only

basic difference between the two stages is in the sign of

Im ( C12CZ*). Therefore, this circuit yields a nonlinear

reactance amplifier with: 1) positive input and output

conductance, 2) arbitrary forward gain, and 3) a maxi-

mum reverse gain of unity.

It is interesting to apply the Manley-Rowe equations

to the circuit in Fig. 8. Since only U1 and w] appear at

the external terminals, this circuit is described by the

same special case of (1) as is the conventional nonlinear

reactance amplifier, where [by (3 b), with WZ = O]

(28)
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WO-wl w;- We-w,

Fig-. 7—A cascade of upper-sideband up-converters of the type de-
scribed in Case 2. The reflected conductance, which are indicated
in each box with appropriate signs, are gain-insensitive. Each stage
is theoretically capable of unlimited gain.

W. - q

P%

TT
Fig. 8—A positive-input-conductance, nonlinear reactance amplifier

formed by cascading an up-converter and a down-converter of the
type described in Case 2. The onIy basic difference between these
two stages M m the sign of the phase angle between LJO and 2co0.

In this case, however, WI has components at two sepa-

rate terminals and hence can be negative even though

the input is conjugately matched.

Although the circuits described above may have de-

sirable gain and control aspects, their noise character-

istics will serve as the ultimate test of their value. The

primary sources of noise are associated with the external

resistances and with internal resistance that is inher-

ently present in any real nonlinear reactance element.

In practice, the noise temperature of the output load

will generally be fixed and may be large, which is one

reason for the use of circulators in conventional nega-

tive-input-resistance amplifiers and converters. How-

ever, with the possibility for conjugate match offered

in this case, output noise that is fed back to the input

(because of the semidirectional nature of the circuits

under consideration) can largely be absorbed. In addi-

tion, the “dummy load” nature of gs allows its tempera-

ture to be varied independently of the input and output

circuitry. Thus, the so-called idler noise that is present

in conventional nonlinear reactance circuits should be

reduced considerably in this circuit. It can be proposed,

therefore, even without the use of circulators, that the

noise figure of this circuit should be improved over that

of conventional negative-input-resistance amplifiers and

converters, even when these latter circuits employ cir-

culators.

CONCLUSION

A detailed analysis of (8), or equivalently, Fig. 4, has

demonstrated several useful extensions of conventional

nonlinear reactance circuits. It has been shown that

parametric amplification at a frequency higher than the

pump can, from the point of view of the nonlinear re-

actance element, be the same order of effect as con-

ventional parametric amplification at a frequency lower

than the pump. Also, a nonlinear-reactance circuit has

been developed that is capable of unlimited up-or down-

conversion gain, without reflecting negative resistance

at either the input or the output terminal, The latter

result suggests a means by which a nonlinear-reactance

amplifier can be obtained which does not require a circu-

lator for optimum performance. A more detailed sum-

mary of the results of this analysis is given in Table I.

Within the limits of approximation provided by the

circuit model in Fig. 4, Table I contains a compilation

of the more important conclusions regarding three- and

four-frequency, nonlinear reactance circuits.g

APPENDIX

Proofs of Theorems 1 and 2 can be obtained by the

following considerations. These theorems deal with the

real parts (a~I~) and the imaginary parts (~~1~) of

y,,,, (k= 1, 2, or 3), and explicit expressions for these

quantities can be obtained from (15). The proof of

Theorem 1 will be divided into the following steps.

Step A. There are two possible conditions under which

@II~ =/331~ = O can be satisfied simultaneously; namely,

(?, =0 (29a)

or

3’3 2 1
——

72 17172+11’”
(29b)

However, for allx >0 and asr~ >0 to be satisfied simul-

taneously, it is necessary that

17172:1\’ < ~’+%1’<:2.
(30)

Therefore, of the two possible conditions described, only

(29a) will yield both stability and resonance at WI and w,.

Step B. If 63= O, the condition for resonance at OJ1

and C03 becomes 6117212 =Pz. NTow, if i3nI~ = O is also re-

quired, the following expression for CzzI~can be obtained.

CY21N
‘axl+%)’’(1-%)’2>00 ’31)

‘JThe term ‘if our-f requeucy” has been employed throughout this
paper even though a fifth ~requency, in the form of the pump har-
monic, has frequently been included. This choice of nomenclature has
been. made because only one of the two pump components need be
apphed externally, and hence only four-frequencies need be observed
at external termmals.
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TABLE I

A SUMMARY OF THE ~~AJOR EFFECTs OBTAINABLE FROM THE l~ONL,INEAR R~ACTANC~ CIKCUIT tiIODEL OF FIG. 4!*

Pump Components
Frequency

(a) C, only (b;l c, only (c) G and G

(1) c% m C. G.: Limited No effects Same as (la)
P..4.: None
I. R.: Positi~-e
T: Gain independent

(2) @l,~, C. G.: Unlimited
P. A.: Unlimited
1. R.: Negative
T: Gain independent

(3) m,, a, I iWo effects I

No effects

1

Same as (2a)

Same as (2a) I Same as (2a)

(4) m, m, @, C. G.: Unlimited
P. A.: Unlimited
I. R.: Negative
T: Gain-dependent;

Tuning impossible at
all three frequencies

Same as (3b) C. G.: Unlimited
P. A.: Unlimited
I. R,: Positive at w a~ld m

Negative at w
T: Gain independent

* In entries where one or more frequencies or time-varying capacity components are omitted, they are assumed to be short-circuited. Key:
C.G. = conversion gain; P.A. = gain by parametric amplification; I.R. = input resistance; and T = tuning conditions.

However, for parametric amplification at w, (31) must

be satisfied in such a way that the second term takes

on the negative sign. Clearly, this is not possible if

P21M= 0. Consequently, if 131,~= ~~,~ = O, then 13,1~%0

is necessary for parametric amplification at @2. p21~ = O

can occur only if az,~ equals 2a2 or zero (i.e., only under

conditions of conjugate match or infinite gain at OZ).

Step C. This step amounts simply to noting that,

under Case 1(b) of the text, &I~ = O and 63= O are

shown to yield ~1~~ #O and ~31~ #O in the region of

parametric amplification at COZ.

Therefore, under the conditions stated in Theorem 1,

f3, = O yields either f?l,~ = i3sI~ = O and &~ #0 (Step B),

or &I~ = O, ~11~ #O, and l?sI~ #O (Step C). Similarly, with

&+0, bl,~ and ~s,~ cannot vanish simultaneously

(Step A). Therefore, stable parametric amplification at

wZ, with I Czl = O, requires at least one of the three

quantities, f311~, &~, or f331~7 not to vanish, which

proves Theorem 1.

Now consider Theorem 2. By Steps A and B above,

the necessary and sufficient conditions for U1 and ws to

be both resonant and stable8 are:

p3=o (32a)

B2=B1 /721’ (32b)

1 — az
~,——>—

~3 /7212”

If (32a~l is satisfied,

(32c)

1
al——> ~ [1 – (1 – h’p,’)’j’] (33)

~3

is necessary and sufficient for stability at az. However,

by (32 b), (33) can be written

al — ‘> -T%oesserof(%)]’34)~3

which is the necessary and sufficient condition for sta-

bility at wZ. Since (34) is also sufficient for stability at

W1 and wS, the proof of Theorem 2 is completed.
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